Abstract. According to the Erdős-Szekeres theorem, every set of n points in the plane contains roughly log n in convex position. We investigate how this bound changes if our point set does not contain a subset that belongs to a fixed order type.
Introduction
According to the Erdős-Szekeres theorem [9] for any integer n ≥ 3, there is an N such that any set of N points in general position contains n in convex position.
Denote the smallest number with this property by F (n). The best known bounds for F (n) are 2 n−2 + 1 ≤ F (n) ≤ 2n − 5 n − 2 + 1.
The lower bound is due to Erdős and Szekeres [10] and conjectured to be sharp. The upper bound is proved in [20] . One can formulate this the other way around. Supported by OTKA Grant K60427 and K75016. 1 For any integer N , let f (N ) be the largest number with the property that any set of N points in general position contains f (N ) points in convex position. Then we have f (N ) = Θ(log N ).
A very closely related classical result is Ramsey's theorem. Its best known version, for graphs, is the following. Any graph of N vertices contains a complete or empty subgraph of O(log N ) vertices. This bound is sharp up to a multiplicative factor. The Erdős-Szekeres theorem can be deduced easily from Ramsey's theorem [14] . Many other connections between the Erdős-Szekeres theorem and
Ramsey's theorem can be found in [17] . Although the O(log N ) can not be improved in general, Erdős and Hajnal [8] proved that there is a much better bound if we consider only graphs without a certain induced subgraph. More precisely, they proved that for any graph H there is a constant c H such that any graph G of N vertices which does not contain H as an induced subgraph, contains a complete or empty subgraph of e cH √ log N vertices; see Fox and Sudakov [11] for a refinement. According to the Erdős-Hajnal conjecture, for any H, the statement holds with N εH as well, but it has been verified for very few graphs H [8] , [2] , [6] .
Kalai, Solymosi, and some others suggested the investigation of analogous problems related to the Erdős-Szekeres theorem. The general question is that how does the bound Θ(log N ) change if some fixed configuration is forbidden in the original point set. To pose the problem precisely, we have to define exactly what do we mean by a forbidden configuration.
Throughout this paper we consider only point sets in general position in the plane, that is, we always assume that no three points are collinear. The order type of a point set is the list of orientations of its triples. See [12] for a survey on order types and applications. Two point configurations are said to be of the same order type, if there is a bijection between them which preserves the orientations of the triples. Thus, order types are equivalence classes of configurations.
We say that a point set T contains order type S if a subset of T belongs to order type S. We denote this as S ֒→ T . We say that an order type T contains order type S, that is, S ֒→ T , if for any set T of order type T , S ֒→ T .
Ramsey-type properties of order types have been studied by Nešetřil and Valtr in [18] . Order types play an important role in canonical versions of the Erdős-Szekeres theorem [19] , the main tool is the 'same type lemma' of Bárány and
Valtr [5] , see also [4] , [17] for a survey.
For a fixed non-convex order type T and any integer n, define F T (n) as the smallest integer N such that any order type of size at least N that does not contain T , contains n points in convex position. Or the other way around, for any N , let f T (N ) be the largest integer n such that any set of N points that does not contain T , contains n points in convex position. Note that F T and f T are non-decreasing functions, which are not defined for convex order types T .
Károlyi and Solymosi [15] proved, somewhat surprisingly, that the analogue with graph Ramsey theory breaks here. They proved that there exists an order type T with F T (n) > 2 n−2 , hence f T (N ) = Θ(log N ). Roughly speaking, the fact that T is a forbidden order type does not help too much, we do not necessarily find much more points in convex position in point sets without T than in the general case. However, the proof applied a general result of Nešetřil and Valtr [18] from which it is not easy to extract a concrete order type T with the above property.
One novelty in the present paper is the exhibition of explicit order types T for which F T (n) is exponentially large (Theorem 1). One of the smallest such order types is a regular pentagon with its center. We say that order type T has the Erdős-Hajnal property, if F T is bounded from above by a polynomial. It was also shown in [15] that some families of order types T do satisfy the analogue of the Erdős-Hajnal conjecture, that is, they have the Erdős-Hajnal property. In Section 3 we exhibit some more general families of order types with the Erdős-Hajnal property (Theorems 4 and 5).
In Theorem 8 in Section 4 we determine for each order type T , whose convex hull is a triangle, whether (i) F T (n) is bounded by a linear function in n;
(ii) F T (n) is at least quadratic in n but bounded by a polynomial in n;
(iii) F T (n) is exponentially large in n.
Moreover, we prove that there are no other possibilities.
Constructions
There are three different non-convex order types T of size less than 6. It was shown in [15] , that for any of them F T (n) is bounded from above by a polynomial function in n. The following result shows that it is not the case for some oreder types of six points.
Let point set A be the three vertices of a regular triangle, and three further points inside the triangle, close to the midpoints of the sides. Let A be the order type of A. Let point set P be the five vertices of a regular pentagon, and its center, and let P be the order type of P . See Figure 1 . Theorem 1. For the order types A and P we have F A (n) > 2 n/2−1 and F P (n) > 2 n/2−1 . Figure 1 . Order types A and P.
First we define point sets T k for any k integer, recursively. We call this sequence of point sets the twin construction. Point set T 0 is just one point. Suppose we have already defined T k−1 . Take a line ℓ which is not parallel to any line determined by the points of Lemma 2. For any n ≥ 1, T n does not contain 2n + 1 points in convex position.
Proof. The statement clearly holds for n = 1. Suppose it holds for n − 1 and A point set S or order type S is said to have the separation property if any two of its points can be separated by a line determined by some other two points of it.
Lemma 3. Suppose that the order type S has the separation property. Then
Proof. Since |T n | = 2 n , in view of the previous lemma it is sufficient to show that T n does not contain S. We prove it by induction on n. It is obviously true for n = 1. Suppose that the statement holds for n − 1. Assume that {p 1 , p 2 , . . . p m } ⊆ T n has order type S. Consider any two points, p i and p j . Since they are separated by some line p u p v , they cannot be twins in T n , so their parentsp i andp j are different. The set of parentsp 1 ,p 2 , . . .p m thus form an m-element subset in T k−1 whose order type is again S, which contradicts the induction hypothesis. This concludes the proof. Now observe that both A and P has the separation property, therefore, Theorem 1 follows from the previous lemma.
Order Types with the Erdős-Hajnal Property
For any k ≥ 1, let E = {a, b, c, p 1 , . . . , p k } be a point set such that points p 1 , . . . , p k lie inside the triangle abc and points b, p 1 , . . . , p k , c are in convex position. This defines the order type E k of E. It is easy to see that F E1 (n) = n. In general F E k is bounded form above by a linear funcion, see [15] .
For any k ≥ 3, let F = {a, b, c, p 1 , . . . , p k } be a point set such that points p 1 , . . . , p k lie inside the triangle abc, points p 2 , . . . , p k−1 lie inside the convex quadrilateral bp 1 p k c, the points p 1 , . . . , p k are in convex position, and no line defined by two of them intersects the segment bc. The order type of F is denoted by F k .
Finally, let k ≥ 4, l, m ≥ 0. Two point sets, X and Y are said to be mutually avoiding if any line determined by two points of X (resp. Y ) has all points of Y (resp. X) on the same side. Consider a configuration G = {p 1 , . . . , p k , q 1 , . . . , q l , r 1 , . . . , r m } with the following properties. The points p 1 , . . . , p k are in convex position, the points q 1 , . . . , q l , r 1 , . . . , r m lie inside the convex polygon p 1 p 2 . . . p k , the points p 1 , q 1 , . . . q l , p 2 are in convex position such that Q = {p 1 , q 1 , . . . q l , p 2 } and G \ Q are mutually avoiding, and similarly, p 3 , r 1 , . . . r m , p 4 are in convex position such that R = {p 3 , r 1 , . . . r m , p 4 } and G \ R are mutually avoiding. The order type of G is denoted by G k;l,m . Order type G k;l,l is simply denoted by G k;l . The points (x 1 , y 1 ), . . . , (x n , y n ) ∈ R 2 with x 1 < . . . < x n form an n-cap if
Similarly, they form an n-cup if
Both n-caps and n-cups are convex n-gons. They were used by Erdős and Szekeres in the original proof of the Erdős-Szekeres theorem. Proof of Theorem 4. We prove that for T = F k , the function F T is bounded from above by a polynomial of degree 3k − 5. Let X be a set of n n+k−4 k−2 3 points and assume that X does not contain n points in convex position. Then its convex hull contains at most n − 1 vertices. Triangulate it, one of the triangles, say abc, contains more than
3 points of X. Let P denote the set of these points.
Define a partial order ≺ ab on P as follows: For p, q ∈ P , let p ≺ ab q if and only if the ray pq intersects side bc and the ray qp intersects side ac of the triangle. It is easy to check that the relation ≺ ab is indeed a partial order. Partial orders ≺ ac and ≺ bc can be introduced in a similar way. Note that any two points of P are related by exactly one of these three relations. Thus, a repeated application of Dilworth's theorem [7] gives that there is a subset P ′ of P of size |P ′ | > n+k−4 k−2 , which is linearly ordered with respect to one of the three partial orders, say ≺ bc . Translate and rotate the triangle so that vertex a is in the origin, and the negative y-axis is the angular bisector at a. Then for point set P ′ , the linear order ≺ bc is identical to the linear order according to the x-coordinates of the points. By the assumption P ′ does not contain an n-cap, therefore, by Lemma 6, it contains a k-cup. This, together with a, b, and c, is a point set of order type F k . Proof of Theorem 5. Let X be a point set, |X| > c 0 n α , which does not contain n points in convex position. We prove that if c 0 = c 0 (k, l) and α = α(k, l) are sufficiently large, then G k;l ֒→ X. Then we also have G k;l,m ֒→ X and G k;m,l ֒→ X for any m ≤ l, which implies the Theorem. Assume that no two points of X lie on a vertical line. Choose a large enough integer t = t(k, l) whose value will be specified later. According to a result of Aronov et al. [3] , every configuration of N points contains two mutually avoiding subsets of size at least √ N /10. By a repeated application, we can obtain pairwise mutually avoiding subsets X 1 , X 2 , . . . X t , such that |X i | > c 1 n β holds for every 1 ≤ i ≤ t with β > α/2t. Using Lemma 7, we can find subsets X Define now a four-coloured complete graph on the vertex set {1, . . . , s} as follows. For any i < j, we know that Z j is either above, or below every line determined by Z i , and Z i is either above, or below every line determined by Z j . So we have four possibilities for the pair (Z i , Z j ), that determines the color of the edge ij. Call the correponding colours aa, ab, ba, and bb, respectively. By Ramsey's theorem, there is a complete monochromatic subgraph of size r ≥ log 256 s. Suppose without loss of generality that its vertices are 1, . . . , r. Now we should distinguish four cases. Since reflection about the x-axis interchanges the "above" and "below" relations, is will be enough to consider two cases.
Case 1: All edges are coloured with colour aa.
Case 2: All edges are coloured with colour ab. Now we assume that t is big enough so that r ≥ k − 2. We choose the value of c 0 and α so that X does not contain n points in convex position, therefore Z 1 does not contain an n-cup. It follows from Lemma 6 that in either case Z 1 contains an (l + 2)-cap
In Case 1, we use the fact that Z k−2 does not contain an n-cup, therefore it must contain an (l + 2)-cap C k−2 = {p 1 , q 1 , . . . , q l , p 2 }. In Case 2, we use the fact that Z k−2 does not contain an n-cap, therefore it must contain an (l + 2)-cup In either case, the set C k−2 ∪ C 1 ∪ {p 5 , . . . , p k } is a configuration whose order type is G k;l . It is proved that G k;l ֒→ X.
Order Types with Triangular Convex Hull
The following result estimates the the function F T (n) for order types T of at least four points whose convex hull has three vertices. Theorem 8. Let T be an order type of at least 4 points, whose convex hull has three vertices.
(i) If T = E k for some k ≥ 1, then F T (n) is bounded from above by a linear function.
(ii) If T = F k for some k ≥ 3, then F T (n) is bounded from below by a quadratic function, and bounded from above by a polynomial.
Part (i) and the lower bound in (ii) are proved in [15] . The upper bound in (ii) is proved in Theorem 4. In the rest of the section we prove (iii).
We need the following special cases of the twin construction. For any nonnegative integer m let m = ∞ i=0 a i 2 i (a i ∈ {0, 1}) be its binary representation and
its order type. It is not hard to check the following properties:
(ii) each set RH k is centrally symmetric;
(iii) for any k < n, RH n is the disjoint union of 2 n−k translated copies
is to the right of RH k (i); (iv) for every i < j, RH k (j) is above every line determined by the points of RH k (i), and RH k (i) is below every line determined by the points of
Obviously, similar statements hold for LH k .
Lemma 9. Let n be a positive integer and let T be an order type of six points whose convex hull is a triangle. If T is contained in both LH n and RH n , then
We prove Lemma 9 at the end of the section.
Proof of Theorem 8 (iii).
Since both RH n and LH n are twin constructions, by Lemma 2 they do not contain 2n + 1 points in convex position. Therefore, it is enough to prove that if T = E k , F k , then for every n we have T ֒→ RH n or T ֒→ LH n .
Let T be a configuration of at least 4 points such that its convex hull is a triangle abc, and suppose that for some n we have T ֒→ RH n and LH n ֒→ T . If |T | ≤ 5, then T ∈ E 1 = F 1 , or T ∈ E 2 = F 2 . Suppose that 6 ≤ |T | = k + 3. Let S ⊆ T such that a, b, c ∈ S and |S| = 6. Then by Lemma 9, the order type of S is either E 3 or F 3 . Therefore, for any three points p, q, r of T \ {a, b, c}, the three lines determined by p, q, r intersect the same two sides of triangle abc. It follows that every line determined by the points of T \ {a, b, c}, intersect the same two sides of triangle abc, say, ac and bc. Introduce again the partial order used in the proof of Theorem 4. For p, q ∈ T \ {a, b, c}, let p ≺ ab q if and only if the ray pq intersects side bc and the ray qp intersects side ac of the triangle abc. In this case any two points of T \ {a, b, c} are comparable, therefore, it defines a linear order. That is, the elements of T \ {a, b, c} can be ordered as p 1 , . . . , p k so that for any i < j, rays p i p j and p j p i intersect sides bc and ac, respectively. Assume
Then points p i+1 , p i+2 , p i+3 lie inside triangle p i bc so that line p i+1 p i+2 intersects sides p i b and bc, while line p i+2 p i+3 intersects sides p i c and bc of the triangle (see Fig. 5 ), contradicting Lemma 9. By symmetry, it is not possible that T i ∈ E 3 and T i+1 ∈ F 3 . Therefore T i must belong to the same order type, either E 3 or F 3 , for every 1 ≤ i ≤ k − 3. Therefore, T ∈ E k or T ∈ F k . This concludes the proof of Theorem 8. It remains to prove Lemma 9. 
Proof of Lemma 9. If T = E 3 , F 3 , then T is either one of the four order types depicted on Fig. 6, or We must prove that neither of these six order types is contained in both LH n and RH n . Since A has the separation property, it is not conteined in any twin construction. Therefore neither LH n nor RH n does contain A.
Now we show that B is not contained in RH n . Assume that on the contrary, a, b, c, x, y, z ∈ RH n and {a, b, c, x, y, z} ∈ B. Consider the smallest k such that {x, y, z} is contained in RH k (i) for some 1 ≤ i ≤ 2 n−k . Both RH k−1 (2i − 1) and RH k−1 (2i) must contain at least one of x, y, z. By symmetry, we can assume without loss of generality that x, y ∈ RH k−1 (2i − 1) and z ∈ RH k−1 (2i). Note that z is inside triangle xyc. Now c ∈ RH k−1 (j) for some 1 ≤ j ≤ 2 n−k+1 . If j < 2i, then any vertical line that separates RH k−1 (2i − 1) and RH k−1 (2i) would separate {x, y, c} from z which is impossible. If j = 2i, then both x and y would lie below the line cz, so cz would not separate x and y. Finally, if j > 2i, then both x and y would lie left to the line cz, again a contradiction.
To see that C is not contained in LH n , assume that a, b, c, x, y, z ∈ LH n and {a, b, c, x, y, z} ∈ C. Let k be the smallest integer such that {x, y, z} ⊂ LH k (i) for some 1 ≤ i ≤ 2 n−k . We distinguish three subcases.
Case 1: z ∈ LH k−1 (2i − 1) and x, y ∈ LH k−1 (2i). Since z is inside triangle xyc, by the previous argument we find that c cannot be in any subset LH k−1 (j).
Case 2: y ∈ LH k−1 (2i − 1) and x, z ∈ LH k−1 (2i). Now we use the fact that y is inside triangle zxb. We arrive at a contradiction as before: there is no place for the point b.
Case 3: x ∈ LH k−1 (2i − 1) and y, z ∈ LH k−1 (2i). Because of the orientation of triangle xyz, the points x, y, z follow each other from left to right in this order.
Since the orientation of both triangles yzb and yzc is clockwise, both b and c must lie under any horizontal line ℓ that separates LH k−1 (2i−1) and LH k−1 (2i). Point x sees y, z and c in this order, therefore c must lie in LH k−1 (2i). For triangle abc to contain z, point a must lie above ℓ. But then line ax cannot separate z and c, a contradiction. Thus we have proved that C is indeed not contained in LH n . By symmetry, C ⊤ is not contained in RH n . A similar argument shows that RH n does not contain D and LH n does not contain D ⊤ . We omit the technical details.
Remark. Erdős and Szekeres conjectured that the following stronger version of their theorem holds. For every n there is an N with the property that any set of N points in general position contains an empty convex n-gon, that is, n points in convex position such that their convex hull does not contain any other point of the point set. But as a great surprise, J. D. Horton proved that the conjecture does not hold for n ≥ 7 [13] . He constructed arbitrarily large point sets with no empty convex heptagons. His construction is a very special, and probably the most famous twin construction. The notations LH k and RH k are abbreviations of "Left Horton Set" and "Right Horton Set", respectively.
Open Problems. It is easy to see, that for each non-convex order type T of four or five points F T (n) ≤ 2n − 3. There are 15 non-convex order types of six points [1] . By our results, for five of them F T (n) is bounded from above by a polynomial, for five of them F T (n) grows exponentially, and for five of them, shown on Figure 7 , the order of magnitude of F T (n) is not known. Probably it is not too hard to give the answer for some of these order types. Another interesting question is, whether the answer is always either "polynomial" or "exponential". More precisely, is there an order type T for which F T (n) is bounded from above by the exponential function c n for every c > 1, if n is large enough, and bounded from below the polynomial n k for every k > 0, if n is large enough.
